MATHEMATICS: CHOW v1(°'(t), we obtain a system of linear equations whose solution is clearly xi = x,(°'.
1. The well-known Theorem of Bertini on reducible linear systems of divisors in an algebraic variety asserts that any such system, assumed to be free from fixed components, is composite with a pencil. A somewhat special form of this theorem, which is actually a special case of it, states that if a linear system of divisors is obtained from a rational transformation of the variety onto a projective space of dimension >1, then a generic element of the system, apart from a possible fixed component, is absolutely irreducible. In a recent discussion on local algebraic geometry, Professor S. Abhyankar raised the question whether this Theorem of Bertini, at least in the special form, also holds for local varieties, with suitable modifications. In this note we shall answer this question in the affirmative by formulating and proving such a theorem for an arbitrary complete local domain. The theorem we shall prove here can be stated as follows:
THEOREM OF BERTINI (for local domains). Let (9, p) be a complete local domain of dimension t > 2, let ((5, q) be a complete regular local domain of dimension t contained in ? such that 9 is a finite module over S and is separable over (S, and let xi, X2, X3 be three elements in a minimal basis for q; we set u(c) = (X1 + CX2)/X3, where c is an element in (S. Then, for sufficiently general c, the ideal 9[u(c)]p is prime in 9[u(c)] and the quotient ring 9?u(,) of 9? [u(c) ] with respect to 9[u(c)]p is analytically irreducible.
We add in explanation that the expression "sufficiently general c" in the above theorem means that the q-residue of c is different from some one given finite set of elements in the residue field 25 of S.
The above local formulation is somewhat different in spirit from the original version of the Theorem of Bertini, in that it belongs more properly to the relative rather than to the absolute algebraic geometry. This is in a sense natural when one deals with local domains, and we have accordingly replaced the extension to algebraic closure by the extension to the completion of a local domain; furthermore, since the restriction to a local variety diminishes the degree of freedom by 1, the dimensionality condition in the local theorem has naturally to be increased by 1. Nevertheless, our proof of the local theorem will be at least formally similar to the proof given by Zariskil of the Theorem of Bertini in the global geometric case. Our proof is based on the following lemma, which may have some interest in itself; the discerning reader will observe that our proof of this lemma, given in the next section, is at least formally similar to the proof of Lemma 5 in the paper of Zariski quoted above, which plays a key role in his proof of the Theorem of Bertini.
LEMMA. Let (e, q) be a complete regular local domain of dimension t > 2, and let Before proceeding to the proof of our lemma, we shall make a few remarks on the "power-series" development of an element in the complete regular local domain (E, q). As before, we denote by e the residue field of 2i, and denote by Q a system of representatives of e in A; apart from the condition that every element in S is the q-residue of exactly one element in Q, the elements in Q can be chosen arbitrarily, but, for convenience, we shall assume that Q contains the elements 0 and 1. Using the properties of a regular local domain, it can easily be shown that every element in S can be represented uniquely by a power series in xi, ..., xt with coefficients in Q; we shall express this by setting S = Q [[x,, .. U3] , and if X3' ... xt~" is a term of the lowest degree such that the coefficient a,,, . . ,,t has a positive (ul, u2)-excess, then it is also a term of the lowest degree such that the coefficient a,, . . .At' has a positive ur-excess. We observe now that if f(ul, U3) is any element in Z [ul, U3] and if we represent each coefficient in f(ul, U3) by a power series in U1X3, U3X3, X3, ..., IXt with coefficients in Q, then we obtain a development of f(ul, U3) as a power series in X3, ... , t with coefficients in S[ul, U3], but the coefficient of the term of degree zero is an element in Q[ul, U3]; and it is easily seen that the ul-excess of the coefficient of each term in this development is at most equal to the degree of f (ul, u3) in n1. If we now, beginning with the terms of the lowest degree, successively substitute in the power series a = E ans . . . nt/X3" . . . xt" the coefficients of the terms of a given degree by power-series developments of the type just described, . In order to prove our theorem, it is sufficient to show that T25u(c) is an analytically irreducible local domain; for, since T25u(c) contains 9[u(c)] and is contained in 9zu(c) and since the maximal prime ideal in T25u(c) must then contract to 9[u(c)]p in 9[u(c)], one sees readily that 9?u(c) = TSu(c). Since 9?~u() is a finite module over the local domain Su(c), it is a semilocal domain in the sense of Chevalley;2 it is therefore sufficient to show that the completion (Tu(c))* of TSu(c) is a local domain. Let K and L be the quotient fields of 9 and e respectively, and let L* be the quotient field of the completion u(c)* of 5u(C), which we recall is a regular local ring. According to a result of Chevalley,3 (Wu(c)) * is a finite module over Su(c) * and no nonzero element in Su(c)* is a zero-divisor in (TSu(c,)) *; if we denote by 9) the quotient ring of (9?iU(c))* with respect to the set of all non-zero elements in CBu(c)*, then both K and L* are subrings in 9) and we have the equation 9) = KL* (KL* denotes here the ring generated by K and L*). Moreover, by the same result, every set of linearly independent elements in K over L remains such over L*; it follows from this that ) is isomorphic to the tensor product K X L* over L. Now, since K is separable over L, there exist a finite number of irreducible monic polynomials Fi(X) in (2[X] such that any extension field L1 of L is linearly disjoint with respect to K over L if and only if all Fi(X) remain irreducible in L1 [X] . According to our lemma, for sufficiently general c, all Fi(X) will remain irreducible in Su(c)*[X]; since Su(c)* is integrally closed, this implies that all Fi(X) will remain irreducible in L*EX]. It follows that L* is linearly disjoint with respect to K over L, and hence the tensor product K X L* is an integral domain; this implies of course that (wu(c)* is an integral domain. Finally, since (9iu(,)* is a finite module over the complete local domains.(,)* and has no zero-divisors, it must be a complete local domain.4 This completes the proof of our theorem.
We shall conclude this note by a few remarks on the hypothesis of our theorem. We observe that in our formulation of the local Theorem of Bertini, we have introduced the subring e and a system of regular parameters xi, ..., Xt in A, while in the final assertion of the theorem only the three elements x1, x2, X3 enter into the picture. The question naturally arises whether it is necessary at all to introduce the regular local domain e or even the system of parameters xi, ..., xt in 9S. As to the latter, one finds a measure of justification in the fact that, even in the equal-characteristic case where 9R contains a coefficient field k, an arbitrary set of three analytically independent elements xi, x2, X3 may generate in 9? an ideal of rank less than 3 and hence cannot be extended into a system of parameters in SR. This is a well-known situation where a local ring may contain as a subring a local ring of higher dimension, and one can easily obtain examples to show that the local Theorem of Bertini cannot hold for an arbitrary set of three analytically independent elements without some qualifications. As to the introduction of the regular local domain S, it is evidently not necessary in the equalcharacteristic case, since any system of parameters xi, ..., X t in W can be considered as the minimal basis of the maximal prime ideal in the regular local domain k [[xi, ..., xt] ], where k is a coefficient field in 9S. However, in the unequalcharacteristic case, we do not know whether every system of parameters in 9? can be so imbedded in a regular local domain, and such an imbedding is essential for our present method of proof. The question therefore remains open whether the local Theorem of Bertini holds in general for any three elements in a system of parameters in 9?. * This work was partially supported by a research grant of the National Science Foundation. 1 0. Zariski, "Pencils on an Algebraic Variety and a New Proof of a Theorem of Bertini," Trans. Am. Math. Soc., 50, 48-70, 1941. 2 C. Chevalley, "On the Theory of Local Rings," Ann. Math., 44, 690-708, 1943. 3lbid., § II, Proposition 7. 4Ibid., § III, Proposition 8. The proof of this proposition also holds for a local ring in the sense of Krull. 
